A mechanism for the synchronization of driven colloidal rotors via optical coupling torques is presented and analyzed. Following our recent experiments [Brzobohatý et al., Opt. Express 23, 7273 (2015)], we consider a counterpropagating optical beam trap that carries spin angular momentum, but no net linear momentum, operating in an aqueous solvent. The angular momentum carried by the beams causes the continuous low-Reynolds-number rotation of spheroidal colloids. Due to multiple scattering, the optical torques experienced by these particles depend on their relative orientations, while the effect of hydrodynamic interaction is negligible. This results in frequency pulling, which causes weakly dissimilar spheroids to synchronize their rotation rates and lock their relative phases. The effect is qualitatively captured by a coupled dipole model and quantitatively reproduced by T -matrix calculations. For pairs of rotors, the relative torque τ is shown to vary with relative phase φ according to τ ≈ A sin(2 φ + δ) + B for constants A,B,δ, so the resulting motion is governed by the well-known Adler equation. We show that this behavior can be preserved for larger numbers of particles. The application of these phenomena to the inertial motion of particles in vacuum could provide a route to the sympathetic cooling of mesoscopic particles.
I. INTRODUCTION
The phenomenon of synchronization is ubiquitous in nature, occurring at physical length scales ranging from the astrophysical to the microscopic. For instance, the flight paths of subatomic particles in the Large Hadron Collider have been observed to synchronize [1] as have the rotational dynamics of magnetic stars [2] . Synchronization also arises as an emergent effect in complex systems such as traffic flow [3] and financial trading [4] . The abstract phenomenon of rotor synchronization with noise has been the subject of recent investigation, without reference to particular physical details [5, 6] . Perhaps the most important physical systems are to be found in microbiology, where synchronization is seen to accompany crucial processes that underpin life itself [7] . It plays a part in the individual [8] and collective [9] motion of micro-organisms and the transport of material within the bodies of living creatures, in their respiratory, digestive, and reproductive tracts [10, 11] . From the point of view of technological applications, synchronization might be expected to be as important to the function of biomimetic nanoscale devices, as it is in their biological counterparts. In this work we investigate a mechanism for the synchronization of microscopic rotors that relies on the angular momentum carried by light. In particular, we consider the action of circularly polarized light beams carrying optical angular momentum on small collections of micron-sized spheroidal particles. The light impinging on one such object is scattered (reflected, refracted, absorbed, or diffracted; see [12] ) and the incident momentum is diverted generating forces that trap the center of mass of the particle and cause rotation through transfer of optical angular momentum [13] . When more than one particle is present, light is scattered between them, creating coupling forces [14, 15] and torques. In this paper we show that optical coupling torques can synchronize the rotation of nonspherical colloidal particles. We consider * simpson@isibrno.cz primarily overdamped motion in viscous fluids. However, unlike hydrodynamic synchronization, the required coupling mechanism does not rely on the presence of an ambient medium. The behavior of rotationally coupled particles, in air and vacuum, will be discussed, with a detailed analysis left for future work.
Synchronization has been defined as an adjustment of rhythms of oscillating objects due to their weak interaction [16, 17] whereby distinct oscillators, perhaps with differing natural frequencies, oscillate with a common frequency and a fixed relative phase. As mentioned above, it occurs in a seemingly limitless range of contexts. In the mesoscopic regime, however, synchronization through hydrodynamic interaction has dominated scientific inquiry. The reasons are obvious. Hydrodynamic synchronization is of fundamental importance in the life sciences. Hydrodynamic interactions, at this length scale, are purely dissipative. Inertia is negligible and interaction forces are proportional to velocities (see [18] and the Appendix), giving rise to characteristic relaxation behavior as perturbed systems return to synchrony [19, 20] . In this respect, synchronization at low Reynolds number differs from the synchronization of self-sustained relaxation oscillators [16, 17] . Of course, mescoscopic synchronization can occur through any weak interaction. By understanding alternative synchronization mechanisms, at this length scale, we may hope to extract the same utility from the phenomenon that nature does in the biological realm. Here we concentrate on optical interactions, which differ fundamentally from hydrodynamic interactions in that they are reactive rather than dissipative, with the synchronizing forces dependent on configuration rather than velocity.
A number of applications present themselves. For example, optical synchronization could prove useful in the emergent field of optical microrobotics [21] [22] [23] , where it could enable the orchestrated motion of collections of devices for the performance of some prescribed task, perhaps involving the transport or mixing of fluids. Moreover, since optical synchronization does not require an ambient medium, it can also operate in the underdamped regime. In dilute gas inertia becomes appreciable and complex oscillations arise that are weakly damped. More interestingly, in vacuum, the application of an optical torque results in constant angular acceleration and very high angular velocities, the theoretical limits of which are currently unknown [24] . Under these extreme conditions, cooling of rotational degrees of freedom through a gyroscopic motion has been observed. The rotational coupling scheme discussed here could extend this effect to multiple particles and the sympathetic or collective cooling of multiple rotation axes.
Here we consider the rotational dynamics, at low Reynolds number, of colloidal oblate spheroids in counterpropagating circularly polarized Gaussian beams of opposing helicity. The work follows our previous experimental paper [25] , in which a wide variety of exotic phenomena were reported. In this article we focus on the rotational interaction of small numbers of particles. The weakly focused counterpropagating beams create interference fringes that combine with optical binding forces to produce translational equilibria, in which the centers of mass of the particles are constrained to discrete points along the beam axes. Although other stable orientations are available [25] , we are interested in the most commonly obtained one, in which the symmetry axes of the spheroids are normal to the beam axis. In this configuration, the spin angular momentum carried by the optical beams causes the particles to rotate steadily in the ambient fluid [26] , with their relative orientations fixed such that the symmetry axes of the particles are perpendicular to each other and to the beam axis. The available experimental data suggest that the rotation rates are equal. This might be expected, since the spheroids are nominally identical. However, the particles are not carefully positioned along the axis of the trap and the particles are known to vary slightly in their dimensions. Thus, their environments and geometry, in general, will differ. Together with the apparently constant relative orientation, this suggests that the particles are synchronized. In this paper we scrutinize this proposition theoretically.
The organization of this paper is as follows. First we show that hydrodynamic coupling between the particles is negligible and does not influence the motion appreciably. Then we analyze the optical coupling mechanism caused by multiple scattering between the particles. A coupled dipole model, consisting of polarizable points, captures the qualitative behavior of extended particles and yields simple descriptive equations. This analysis also demonstrates that similar effects could be observed for tightly bound [27] nonspherical nanoparticles [28] . To introduce more realism, we use superposition T -matrix theory to examine the forces and torques acting between dissimilar spheroids quantitatively and predict the resulting dynamics. It is concluded that optical synchronization is indeed operating and that it is reasonably robust to geometric and material variation between particles. In particular we find that the equation of motion for pairs of particles is equivalent to the well-known Adler equation [16, 17] . A similar correspondence has been noted for other optical trapping systems [29] . The synchronization effect is generalizable to multiple objects, although some care in the choice of particle would be required. For instance, increasing the number of particles in the trap can produce strong-coupling forces that may lead to either particle aggregation or repulsion, destroying translational equilibria. This effect can always be overcome by adjusting the particle parameters. Since the synchronization effect requires only weak rotational coupling, smaller particles or particles of lower refractive index can be used so as to minimize coupling forces, without losing the synchronization effect. Finally, since this mechanism operates in the absence of an ambient medium, we also consider, very briefly, inertial motion in vacuum.
II. GENERAL THEORY
Following our previous experimental paper [25] , we consider an optical trap consisting of two weakly focused and interfering counterpropagating Gaussian beams (see Fig. 1 ). An aqueous medium is stipulated, so particle motion takes place in the low-Reynolds-number regime in which inertia is negligible [18] and velocities are on the order of microns per second. The beams are circularly polarized with opposite handedness, looking down each beam axis. In this way, the axial angular momenta of the beams are in the same direction (parallel to the z axis in Fig. 1 ) and add constructively. Conversely, the linear momenta are in opposite directions and cancel each other out in the laboratory frame, so there is no prevailing direction of motion. Accordingly, the transverse part of the electric-field vector of each beam points in the same direction as it rotates (see [25] for a more detailed description). Interference between the beams gives intensity fringes varying as ≈ sin(2kx), superposed on a slowly varying Gaussian envelope.
The translational motion of spherical particles in linearly polarized standing-wave traps of various origins has been extensively studied both theoretically and experimentally for single [30] [31] [32] [33] and multiple [34] [35] [36] [37] particles. See [15] for a review. The results of relevance here concern the properties of the axial force. Since the radiation pressure forces from the counterpropagating beams cancel, the axial force is primarily determined by energetic considerations [30] associated with the intensity distribution of the incident field. For weakly scattering particles, this energy is approximately given by integrals of the incident intensity over the particle volume (multiplied by the permittivity difference) [30] . The resulting force consists of an oscillating term, whose amplitude depends on the size of the particle relative to the wavelength, and a slowly varying offset that derives from the Gaussian envelope and passes through the origin at the focus. If the amplitude of the oscillating contribution is greater than the offset, a series of trapping points emerges along the beam axis. For multiple particles, these forces are modified by coupling forces, which can shift or destroy axial equilibria. Providing interaction with the fringes is sufficiently strong, particles migrate to axial equilibria, where their centers of mass remain confined [see Fig. 8(d) for an example]. Thereafter their rotational motion is determined by interaction with the incident field and with each other.
Here we are interested only in configurations in which the symmetry axes of the spheroids are normal to the beam axes. This is the experimentally preferred orientation [25] and the one exhibiting the effects in which we are interested. Configurations with symmetry axes parallel to the beam axes do not result in rotation [25, 38] and are ignored hereafter.
With their centers confined in this way and their symmetry axes perpendicular to the beam axes, the spheroids interact with the angular momentum carried by the beams. Restricting attention to the orientational coordinate φ that measures the angle of the symmetry axis to the x axis (see Fig. 1 ) leads to the following Langevin equation of motion in the low-Reynoldsnumber regime:
where ξ refers to a matrix consisting of the rotational friction coefficients about the fixed rotation axis, parallel to the beam axes, in the laboratory frame, and perpendicular to the symmetry axes of the spheroids. At low Reynolds number, ξ linearly relates the total torque on the set of particles to their angular velocity and in general includes hydrodynamic coupling terms [18] . Here D is the mobility matrix given by the inverse of the friction [18] , = ( 1 , 2 , . . . , N ) is a vector of the angular velocities of the spheroids about the beam axis, denotes a similar vector of optically induced torques, and f are thermal fluctuations, with the given covariance, with ⊗ indicating the dyadic product. In general, the ξ and D matrices and the optical torque, as well as the covariance of the thermal torque, all depend on the orientations of the particles φ = (φ 1 ,φ 2 , . . . ,φ N ). However, a number of approximations can be made that drastically simplify Eq. (1), allowing the system dynamics to be well represented by the Adler equation [16] , frequently encountered in the analysis of synchronizing systems. In the following sections we show that hydrodynamic coupling between the spheroids is negligible and that the optical coupling is approximately pairwise, with a sinusoidal angular dependence. Additionally, we examine the robustness of the synchronization effect with respect to changes in particle aspect ratio and refractive index.
III. HYDRODYNAMIC INTERACTION
As mentioned above, hydrodynamic coupling effects are negligible in this system. In this section we qualify that remark further and provide a numerical demonstration. A qualitative understanding of rotational hydrodynamic coupling can be arrived at by considering the method of reflections [18] . This is an iterative far-field approach to evaluating hydrodynamic interactions. In the first iteration, each particle interacts with the fluid flow, as if in isolation. This first interaction generates a refined fluid flow with which the particles interact in the second iteration. The process continues until acceptable accuracy is reached. Here we are interested only in rotational coupling between spheroidal particles with their centers lying on a 
prescribed line (the beam axes) and their symmetry axes perpendicular to the line connecting their centers. The rotation of a particle gives rise to a rotational flow that, in the far zone, depends only on the angular velocity of the particle about the given axis, not its orientation. In addition, the fluid disturbance created by a rotating particle falls off as the inverse cube of the distance along the axis. In this geometry, hydrodynamic coupling in the far field is therefore independent of orientation and decays rapidly with separation. Since we are primarily considering far-field interactions, we can expect hydrodynamic coupling to be almost insignificant. To confirm this idea, numerical simulations, in which extended objects are represented by collections of small beads [39, 40] , have been performed. The method used is a trivial extension of that given in the papers in Refs. [39, 40] to the case of multiple particles. In particular we consider a pair of representative oblate spheroids, of aspect ratio (minor symmetry axis to major axis) 0.5. Figure 2 shows the rotational coupling coefficients of the mobility matrix (the coefficients that couple the torque on one particle to the angular velocity of the other) D 12 as a percentage of the rotational mobility of a single spheroid D 11 for increasing particle separation Z = z 1 − z 2 . This quantity is independent of size in the low-Reynolds-number regime [18] . Even at close proximity, the rotational coupling is weak.
In accordance with the arguments given above, it is inversely proportional to the cube of the separation. Further simulations, not shown here, indicate that the angular dependence of the coupling coefficients remains negligible, even in the near field. For this reason, we ignore hydrodynamic coupling throughout the rest of this article, taking the mobility of each spheroid as that given by usual expressions for isolated particles.
IV. OPTICAL INTERACTION

A. General considerations
Ignoring hydrodynamic coupling, the equation of motion (1) is decoupled hydrodynamically, so the hydrodynamic torque and the rotational fluctuations of each particle i depend only on their individual rotational friction coefficients ξ i ,
where ξ i is the friction of the hydrodynamically isolated spheroid i as calculated according to Perrin's formulas [18, 41] . In this article, particular attention is paid to pairs of synchronizing particles. Following Eq. (2), the phase difference between two spheroids φ 21 = φ 2 − φ 1 evolves according to Eq. (3). In the following, we omit the superscript opt,
where theφ 21 is the time derivative of φ 21 . The condition for stable equilibrium is that there is no systematic optical torque acting on the phase difference and that small perturbations experience restoring torques
where k r is a rotational stiffness of the bound state, normalized by the hydrodynamic friction coefficients. Using k r to linearize the equation of motion (3) about the equilibrium condition φ 21 = φ eqm and integrating leads directly to a formal solution for φ 21 (t), with the following time correlation:
For zero time (τ = 0), Eq. (5) gives the variance in the angular deviation from equilibrium. The approximation on the right is valid for particles with similar rotational friction coefficients. This is directly analogous to the standard analysis for a single harmonically trapped particle, although the variance is approximately twice as large in comparison to the system stiffness [42] . This factor arises simply because we are considering the relative motion of two particles. A similar approach can be applied to the mean phase (φ 2 + φ 1 )/2. To lowest order, ignoring fluctuations in the mean torque, due to fluctuations in the relative phase of the spheroids, the distribution of the mean phase evolves like that of a single particle in an constant force field, i.e., the mean phase is normally distributed with a variance that increases linearly with time [42] .
In the following section we examine the optical interactions that determine the observed behavior. First we give expressions for rotational coupling in the dipole approximation. This approach yields simple equations that provide qualitative insight into the nature of the optical interaction. For quantitative results, we then turn to a more realistic model, using the superposition T -matrix method [12, 43] .
B. Coupled dipole approximation
Insight into the nature of the rotational optical coupling can be developed by considering a simplified coupled dipole model in which the finite particles described above are represented by point polarizabilities. In the optical regime, magnetic permeabilities are unity [12] and the associated polarizability is zero, in general. Consequently, it is sufficient to consider only the electric polarizability and its polarization by the electric component of the optical field. The torque on one such small particle
which is the sum of the external field and the field scattered by neighboring particles and by its polarization
The superscript 3 indicates that we are currently referring to three-dimensional vector fields and i labels the particle:
Here and in the following Re(z) and Im(z) indicate the real and imaginary parts of a complex number z. For the torque to be nonzero there must therefore be a phase or angle difference between the polarization and the applied field. These effects can arise from optical absorption or optical or geometric anisotropy. We assume an absorbing anisotropic polarizability given, in the orientational frame of particle i, as the diagonal tensor α
For obvious reasons, the z component of the torque can be calculated in any frame rotated about the z axis; we work in the particle frame, since it simplifies the algebra. Considering rotation about the z axis only, the z component of the torque can be evaluated in the particle frame of i as
where χ = 2 Re(E y E * x ) and σ = 2 Im(E y E * x ) are Stokes parameters for the total transverse field components at the dipole,
(α i,xx + α i,yy ) is the mean transverse polarizability, and
is the anisotropy. It should be noted that z depends only on the transverse field components E x ,E y . For this reason, the problem of axial rotation is quasi-two-dimensional, the z coordinate appearing only to indicate the dipole position along the beam axis. Throughout the rest of this section we therefore consider two-dimensional vector fields such as
and omit the superscript 3 accordingly.
The two fundamental mechanisms for the transfer of torque to small particles are revealed in Eq. (7). The first term is an alignment torque [44] and is proportional to χ , which measures the degree of linear polarization at 45
• to the principle axes of the dipole and also to the dipole anisotropy α. The second term is associated with the transfer of spin angular momentum from the incident beam, as measured by σ [38] , and is independent of anisotropy but proportional to the mean dipole absorption Im(ᾱ i ). In this fundamental respect, the dipole model differs from the behavior of extended particles. Unlike nonspherical particles of finite size, a nonabsorbing optically anisotropic dipole does not interact mechanically with circular polarization. As shown below, however, the model does represent important features of the interparticle coupling that produces the synchronization effects of interest here. In order to develop this analogy, we assume that our dipoles are absorbing and that this absorption provides the continuous rotation that arises, for extended particles, as a finite-size effect.
We take an approximate form for the transverse field components, which ignores the Gaussian envelope of the incident fields, but is sufficient to represent the rotational effects of interest:
where k is the wave number of the optical field. In addition, we normalize the field components according to |e x | 2 + |e y | 2 = 1. To find the total field applied to each dipole and thereby the Stokes parameters and the mechanical torque at that dipole [Eq. (7)], the multiple-scattering problem for the collection of dipoles must be solved. This required interaction is expressed by
The first term on the right-hand side E 0 i is simply the incident external electric field at particle i. The second term is the sum of the contributions to the electric field at i due to the fields scattered by the other particles j . In addition, α j (φ ji ) is the polarizability of particle j in the rotational frame of i and φ ji = φ j − φ i is the phase angle of j relative to i (see Fig. 1 ). The quantities a ji are the degenerate transverse components of the dipole interaction tensor [45] , i.e., for dipoles distributed along the z axis, with coordinates z i , we have A(|z i − z j |) = diag(A xx ,A yy ,A zz ), with A xx = A yy = a ij (|z i − z j |):
where the approximation on the right is for well-separated particles interacting with each other in the far field k|z i − z j | 1, with k the wave number of the light. Using two-dimensional rotation matrices R(φ ji ), the polarizability α j (φ ji ) can be written in terms of the mean polarizabilityᾱ j and the anisotropy α j of particle j ,
where Imat is the two-dimensional identity matrix. The set of linear equations represented by Eq. (9) can be solved directly, by matrix inversion. To get simple qualitatively meaningful equations, we adopt the iterative order of scattering approach [46] . Assuming the particles are in one another's far zone, we set E j ≈ E 0 j on the right-hand side of Eq. (9). Higher-order approximations can be obtained by repeated substitution of the refined electric field into the particle polarizations. To first order, the Stokes parameters for this field, χ and σ at dipole i, are
where χ 0 = 2 Re(e y e * x ), σ 0 = 2 Im(e y e * x ), and τ 0 = (|e x | 2 − |e y | 2 ) are the normalized Stokes parameters for the transverse components of the incident field (8) and the normalization |e x | 2 + |e y | 2 = 1 has been assumed. In addition, c ij are scalar coefficients related to the axial position of the dipoles i and j , c ij = cos(kz i ) cos(kz j ).
These are general expressions that cover a variety of incident polarizations. For the current purposes, attention is restricted to purely circularly polarized waves σ 0 = 1, χ 0 = 0, and τ 0 = 0. Under these conditions, the axial torque on dipole i is
The torque on each anisotropic dipole (14) contains two main contributions. The first term on the right-hand side of Eq. (14), (1) i,z , is completely independent of the orientations of the dipoles and corresponds to a continuous torque transferred to each particle. It is proportional to the mean absorption Im(ᾱ i ) and contains a part due to the direct interaction of the dipole with the incident field Im(ᾱ i )c ii , which is augmented by an interaction term −2 j =i c ij Re(a jiᾱj ) representing the modification of the incident spin angular momentum by neighboring particles. In general, this torque will be different for each dipole, partly due to differing polarizabilities, partly due to variations in the orientation of neighboring particles. The second term (2) i,z on the right is an alignment torque, induced by the increase in the degree of linear polarization of the total field experienced by particle i. It depends on the relative orientation of each of the other dipoles in the assembly.
Variations in polarizability and orientation across an ensemble of interacting dipoles will lead in general to complex irregular motion. However, the orientation dependence of the torque (2) i,z allows for the existence of equilibrium rotational states in which the differences between polarizabilities are compensated for by particular configurations in which the relative phases of the particles are fixed and each particle experiences the same torque and rotates at the same angular velocity. These are the synchronized states we are particularly interested in.
To illustrate this, consider a pair of two identical particles α 1 ≡ α 2 , symmetrically distributed on the interference fringes of the incident field, i.e., z 1 = −z 2 = z > 0 in Eq. (8) . Under these conditions, Eqs. (14) and (10) give the difference in torque between the particles
For constant phase difference φ 21 , the sign of the relative torque z is determined by cos(2kz). Since the dipoles are axially confined at or near the fringe intensity maximum, i.e., kz = nπ , cos(2kz) = 1. In order for this orientation to be stable against small angular perturbations, we additionally require d z /dφ 21 > 0 [see Eq. (4)], so when the phase of particle 2 is slightly ahead of particle 1, the torque on particle 1 is greater. These conditions occur when the principle axes of the dipoles are perpendicular, with φ 21 = π/2. Maintaining this relative orientation, the dipoles continuously rotate.
When the polarizabilities of the dipoles differ, as they inevitably will in real systems, the constant parts of each of the torques (1) 1,z and (1) 2,z are different. The relative torque acquires the general form 
where A, B, and C are orientation-independent constants, derivable directly from Eq. (14) . As the polarizabilities become increasingly different, the coefficients A and C grow and the relative orientations required for stable orientational equilibrium ( z = 0 and d z /dφ 21 > 0) change. When the amplitude of the constant term exceeds the amplitude of the angular oscillation, i.e., when |A| > (B 2 + C 2 ) 1/2 , there is no orientational equilibrium and the particles undergo irregular motion. In this way, particles with differing intrinsic rotation frequencies can be optically synchronized so that their rotation rates equilibrate, providing those differences do not exceed the threshold |A| > (B 2 + C 2 ) 1/2 . Finally, we note that the angular dependences found above contain only terms in sin(2φ 21 ) and cos(2φ 21 ). This is an artifact of the first-order approximation. At third order, terms in sin(4φ 21 ) and cos(4φ 21 ) appear. However, they depend on the cube of the interaction tensor, via a 3 ij , and so are relatively small. In the following sections we investigate this effect for realistic extended particles. It is observed that the general principles outlined above continue to operate to a surprising extent. For colloidal spheroids, synchronization is observed to operate providing their shapes and compositions do not vary too greatly.
C. Extended particles
In this section we consider a more realistic model for the optical interaction, with calculations performed using the superposition T -matrix method [43] . Numerous accounts of the T -matrix method exist, for example, [12] . For isolated particles, incident, scattered, and internal fields are represented by central expansions in an orthogonal basis for the vector Helmholtz equation. The coefficients for these fields are linearly related by matrices whose elements can be found by applying boundary conditions on the particle being studied. In particular, the scattered field coefficients are given by the product of the T matrix with the incident field coefficients. There are several mathematical approaches to evaluating the T matrix. Here we use the extended boundary condition method [12] . In the case of multiple particles, each particle experiences the field scattered into it by its neighbors, in addition to the externally applied field. This multiple-scattering problem can be solved directly, if possible, or iteratively. We take the latter option [43] . Although it is most commonly applied to collections of spheres, it can be trivially adapted to the case of nonspherical scatterers by taking into account the different rotational frames of the particles. To do this, the T matrix for each particle can be rotated into the laboratory frame before iterating the solution. Equivalently, the calculations for each particle can be carried out in their own reference frame by rotating the field scattered by other particles appropriately, using translation and rotation theorems for the underlying basis set [12] . Having solved for the optical fields, forces and torques are found from an integration of the Maxwell stress tensor, as in, for example, [47] .
The physical system is as described above (Fig. 1) ; the trap is formed from weakly focused counterpropagating, circularly polarized Gaussian beams of opposite handedness. Here we use the localized approximation developed by Gouesbet and Lock [48] . We are interested in understanding generic behavior rather than reproducing particular experimental artifacts in detail. The localized approximation is accurate for the weakly focused beams studied here and permits easy translation along the beam axis, with minimal distortion. These characteristics make it ideal for the current purposes. The model trap is formed from two counterpropagating, circularly polarized Gaussian beams, focused at the same point and with the same phase, so that the beams interfere constructively at the focus. Each beam has a waist radius of 4.5 μm and the vacuum wavelength is 1064 nm. The ambient medium is water, with a refractive index of n w = 1.33. In the following we apply this model to isolated spheroids, coupled pairs of spheroids, and finally to a set of three. In each case conditions for synchronous rotation are considered.
Single spheroid
To start with, we consider the rotation of a single spheroid positioned on the focus, with its symmetry axis perpendicular to the beam axes (Fig. 3) . As discussed above, we are interested in the rotational coupling between spheroids of differing intrinsic rotation frequencies. Here we consider a default oblate spheroid with an equivalent radius (i.e., the radius of a sphere of the same volume) of 1 μm, a refractive index of n = 1.59 (e.g., polystyrene), and an aspect ratio of x = b/a = 0.5, where b is the unique radius, parallel to the symmetry axis, and a is the degenerate radius. Figure 3 shows the rotation frequency, calculated by dividing the optical torque by the rotational friction, i.e., = z /ξ [41] , for spheroids of varying aspect ratio and refractive index, over a plane containing the default particle parameters, for a total optical power of 1 W (i.e., 0.5 W per beam). As the particle becomes less spherical (decreasing x) or more optically dense (increasing n), the rotation rate increases, as should be expected. The contours show lines of constant frequency. The central one, passing through the default particle, corresponds to a frequency of 16.5 Hz; the other contours have frequencies displaced by ±2.5 Hz and bound a diagonal stripe through parameter space within which the frequencies are between 14 and 19 Hz. Because the range of aspect ratios is relatively narrow, the rotational friction of the spheroids does not vary greatly. As a consequence, the optical torque on the spheroid, from which the rotation frequency is calculated, is similar in appearance to Fig. 3 , with a minimum torque of 1.5 pN μm and a maximum of 6 pN μm, for 1 W of optical power.
Two coupled spheroids
The primary purpose of the current paper is to understand rotational coupling. The complex translational effects reported previously [25] can be reproduced by this model, but we restrict attention to equilibrium states where the center of mass is approximately stationary. To locate such a state for examination, we adopt an initial configuration with the spheroids symmetrically displaced from the focus and move them outward so that the position of one spheroid is at z 1 = z and the second at z 1 = −z. We consider spheroids with parallel and orthogonal symmetry axes. As the spheroids pass through the interference fringes they move through a series of translational equilibria. For sufficient separation, the axial forces for the two orientational configurations are almost exactly the same (see [25] ). To begin the study, we take an equilibrium configuration with z ≈ 7.5 μm, which corresponds, approximately, to that observed in experiments [25] . Figure 4(a) shows the difference in the optical torque = ( 1,z − 2,z ) experienced by the two spheroids as a function of changes in their relative phase, for spheroids with equal and mismatched refractive indices. For identical shape and refractive index, the variation of z with φ 21 is similar to − sin(2φ 12 ), as indicated by Eq. (15) . Increasing the refractive index of the second particle (particle 2) increases the torque it experiences relative to the first and decreasing it has the opposite effect. In the examples given in Fig. 4 , index changes of n = ±0.04 are sufficient to destroy orientational equilibria and there are no relative phase angles for which the spheroids experience the same torque. As noted above, even in the dipole approximation, the angular dependence of the torque need not be restricted to the second harmonics sin(2φ 21 ) and cos(2φ 21 ). However, this is a good approximation. Figure 4(b) shows what remains when these terms are removed by a Fourier transform. The error varies as ≈ sin(4φ 12 ), with a relative amplitude of less than 2 × 10 −3 that of the second harmonic.
The transition from the synchronizing regime to irregular motion can be more clearly appreciated by considering continuous changes in the shape or refractive index of the second particle. Figures 5(a) and 5(b) shows the variation in relative torque with relative phase for pairs of spheroids, in which the parameters of the first spheroid are kept at their default values and the aspect ratio or refractive index of the second particle is varied. As can be seen, identical spheroids have rotational equilibria, as described above for dipolar particles, with mutually orthogonal symmetry axes. As the intrinsic frequency of the second spheroid is altered, by changing its parameters, the relative torque shifts and the condition for zero relative torque alters in such a way as to advance the phase of the faster rotor relative to the slower one. This process increases until the phase shift, relative to the equilibrium condition for identical particles, is ±π/4. We note that the changes in friction coefficient are minimal over the range of aspect ratios considered, so when the relative torque vanishes so, approximately, does the relative rotational velocity and the spheroids synchronize. The effect of changing the refractive index is similar to that of changing the aspect ratio. Both relate directly to changes in the intrinsic frequencies of the rotors, the physical cause of the change being of secondary importance.
To get a more complete description of this form of optical synchronization, we consider a plane in the x and n p parameter space. For each value of x 2 and n p,2 we find and analyze the equilibrium conditions in terms of the systematic phase difference, the rotation rate, and the thermal fluctuations. Stable equilibria are located numerically, according to the criterion given in Eq. (4) . Figure 6 (a) shows results for the equilibrium phase as a function of the aspect ratio and refractive index of the second spheroid relative to the first, which has the default parameters given above. The broad diagonal stripe contains all the sets of parameters for which synchronization is possible and the values within the stripe correspond to the relative phase angle φ eqm . The line bisecting this region corresponds to a phase difference of π/2 rad. There is an obvious correspondence to the intrinsic frequencies of the spheroids as shown above (Fig. 3) . As with other synchronizing systems, this indicates that optical synchronization requires that the intrinsic frequencies of the synchronizing rotors are sufficiently similar. As observed above, as the intrinsic frequency of the second spheroid increases or decreases, it gains a phase advance or, respectively, a lag, relative to the first. The size of the thermal fluctuations in the phase difference between the spheroids [Eq. (5), with τ = 0], with respect to the equilibrium condition, are given in Fig. 6 (b) for a total optical power of 100 mW. Throughout most of the synchronizing region, angular fluctuations are below ≈0.3 rad or 15
• , corresponding to the region within the marked contour. At this power, then, the synchronized states are generally thermally stable. However, the size of the fluctuations scales in inverse proportion to the square root of the beam power [since k r is proportional to power in Eq. (5)]. Thus, for an optical power of 10 mW, phase fluctuations of 45
• become likely and the synchronized state will lose its coherence.
Figures 6(c) and 6(d) give the equilibrium torque and rotation rate. The similarity in the figures is due to the near equivalence of the rotational friction of the spheroids across parameter space. The most revealing feature of these values is that the torque and rotation rates of coupled pairs of particles are lower than the corresponding values for isolated particles. Although these precise data are not shown, the principle can be appreciated by comparing Figs. 6(d) and 3 . The suppression of rotation rate is not strong, but it holds for all parameters considered. Qualitatively, the rotational coupling arises from the capacity of each spheroid to linearly polarize the field to which it is exposed. While this linear polarization can exert quite strong alignment torques, in the equilibrium configuration these are absent and the torque on the pair comes from a field from the remaining angular momentum in the beam. This effect also appears in the dipole model. For example, in Eq. (14) the magnitude of the constant angle-dependent term (1) i,z is generally reduced by the interaction. This can be appreciated by combining Eq. (14) with the coupling term (10). 
Three spheroids
Finally, we look at the case of three identical interacting spheroids. This time the spheroids have a lower refractive index n p = 1.45. This reduces the force interaction, facilitating the formation of translational equilibria. The torque interaction, however, is preserved. Figure 7 shows results for the relative torque between three identical spheroids positioned at z 1 = 10.4 μm, z 2 = 0 μm, and z 3 = −10.4 μm. Once again the orthogonal rotational equilibrium is stable, with the symmetry axes of neighboring spheroids perpendicular to one another. In addition, the torque interaction is well represented by the simple pairwise approximation, with the same general form and angular dependence suggested by the dipole approximation (14) , i.e.,
The symmetry of the system requires that X ij = X ji for each of the coefficients A ij , B ij , and C ij . If in addition we take X ij = X for coupling coefficients of nearest-neighbor particles (i − j = ±1) and X ij = X 2 for coefficients coupling the terminal particles 1 and 3, we arrive at the following relative torques for the three spheroids: 
Treating these coefficients as fitting parameters and assigning A = 1, A 2 = 0.25, B = B 2 = 0, C ii = C, and C = C 2 = 0, we can reproduce the general form of the torque differences, as shown in Fig. 7(a) , for 1,z − 3,z . This demonstrates that the orientational coupling is effectively pairwise, in this regime. We note that the coefficients B ij are appreciable and the cosine variation is clearly manifested in the torques experienced by individual particles, but is almost perfectly canceled in the torque differences given. For example, in Fig. 7(a) , the torque difference 2,z − 1,z = 0 for φ 21 = π/2 and φ 31 = 0 and it is restoring in the sense that increasing φ 21 results in a relative decrease in 2,z so that the equilibrium condition is restored. However, if the cosine terms appearing in Eq. (18a) were appreciable, φ 21 = π/2 and φ 31 = 0 would not be an equilibrium point, since 2,z − 1,z would not vanish there.
Dependence on separation
As described above, the interference fringes on the counterpropagating beam create a series of equilibrium positions distributed along the beam axis. In this section we describe the dependence of the synchronization effect on the particle separation. Figure 8(a) shows the variation in axial force acting on one spheroid as it is displaced along the beam axis. A second spheroid is positioned at an equal distance from the focus on the opposite side, so that their separation Z = z 1 − z 2 and z 2 = −z 1 . Two curves are shown corresponding to two orientational configurations φ 21 = 0 and φ 21 = π/2. Within this range of parameters, the curves are indistinguishable and the axial forces are independent of the relative orientation. Figure 8(b) shows the change in the equilibrium phase angle for three different pairs of spheroids, with different relative refractive indices. For identical spheroids (n 2 = n 1 ), φ eqm = π/2 for all equilibria. When n 2 = n 1 , precise equilibria are found numerically, starting with the conditions for identical spheroids. The refractive index mismatch causes φ eqm to deviate from π/2, in the manner encountered previously. As the separation increases, this departure increases, until the spheroids can no longer synchronize. The rate of rotation [ Fig. 8(c) ] initially increases with separation, before approaching a local limit. Notably, the depression at lower separations is due to the interaction between the spheroids. The angular fluctuations also increase with separation; for identical particles, the variation is approximately linear, while more rapid changes occur for dissimilar particles, as the synchronization threshold is approached. Essentially, optical synchronization depends on rotational coupling, the strength of which reduces with separation.
V. DISCUSSION
In this article we have presented and analyzed a scheme for the optical synchronization of colloidal rotors in an aqueous environment. The evidence that the effect is primarily optical comes from calculations of the hydrodynamic interaction, which reveal that coupling by this mechanism is negligible compared with the optical interaction and, since it is also approximately phase independent, it cannot be responsible for the observed synchronization. In addition, calculations of the rotational optical coupling between nonspherical particles reveal that this mechanism is sufficient to explain the previously reported experimental observations. These optical calculations have been performed both for anisotropic dipole particles and for extended micron-sized spheroidal particles. For particles in the far field of one another, the dominant interaction is pairwise, with the variation i,z ≈ j =i A ji sin(2φ ji + δ ji ) + B ji . As a result the equation of motion governing the phase evolution of the system is equivalent to the Adler equation, which is an archetypal model for synchronizing systems. The general properties of the Adler equation are very well known and have been reported in detail elsewhere (see, for example, [16] ). For the current purposes the main implications are that rotating particles with sufficiently similar intrinsic frequencies will experience frequency pulling causing them to rotate at a common frequency, with a fixed relative phase. For identical particles, there is a tendency for neighboring particles to have a steady phase difference of one-quarter of a cycle, i.e., π/2. For particles with weakly dissimilar shape or refractive index, rotors with a higher intrinsic frequency will acquire a steady phase lead over their slower partners. If the intrinsic frequencies of the rotors differ too greatly, synchronization is no longer possible and irregular motion results. As the intrinsic frequencies of the synchronizing particles become increasingly different, the angular fluctuations grow and phase slipping, in which the slower rotor suddenly falls back by half a cycle, will occur. Thus, arrays of spheroids will form an excitable medium, by analogy with the excitable torque wrench, deployed by Pedaci et al. [29] . There are several important implications of this work. To start with, the ability to synchronize the motion of colloidal particles with light could have important consequences for the emergent field of optical robotics [21] . For instance, if it is required to have a number of particles performing a task in a coordinated fashion, one could independently actuate each of them. However, if collective motion can arise spontaneously, through optical interactions, this must be preferable. A particular application might involve a series of rotating particles designed to transport small fluid packets about a laboratory-on-a-chip type of device.
Furthermore, the use of the coupled dipole approximation provides not only a framework for understanding the behavior of larger particles but it also implies that this effect could be realized for nanoparticles. As described elsewhere [27, 49] , optical interactions between nanoparticles, especially plasmonic or semiconducting nanoparticles, can be very strong. The general mechanisms described here could therefore be applied to collections of nanorods or wires, perhaps to create dynamic nanoscale machines.
Perhaps the most exciting implication of this work is due to the fact that rotational optical interaction does not require an ambient medium to operate. In air or vacuum, the same optical interaction will still be present but the motion will be inertial. Recent experiments involving the rotation of colloidal particles in vacuum show very rapid rotation, with gyroscopic cooling of the rotation axis [24] . By including optical coupling, one can imagine the simultaneous cooling of several rotation axes. Such phenomena may be observable in recent experiments of the sort described Kuhn et al. [50] . In the ultrahigh vacuum limit, the possibility of looking for superposition between these cooled macroscopic degrees of freedom presents itself. The dynamics of such systems is beyond the scope of the present paper. momentum relaxation times, which are on the order of picoseconds, and the time scales of the systematic motion of the particles, which are on the order of seconds (see Fig. 3 ). In the case of translational motion, the linear momentum relaxation time is given by the ratio of the mass to the friction, given by the Stokes law [18] . For a spherical particle, this is τ t = 4 3 πa 3 ρ/6πμa = 2 9 a 2 ρ/μ, where a is the radius, ρ the density, and μ the viscosity. Taking a = 1 μm, ρ = 1000 kg m −3 , and μ = 10 −3 Pa s (i.e., water) gives τ t ≈ 2 × 10 −13 s. A similar calculation for rotational relaxation gives a relaxation time of τ r ≈ 10 −13 s. By the containment theorems of low-Reynoldsnumber hydrodynamics [18] and the scaling properties of mass and moment of inertia, these may be considered typical figures for arbitrarily shaped colloids of similar size. Both relaxation times scale with a 2 . By comparison, typical rotation rates for 100 mW of optical power are on the order of seconds (Fig. 3) , justifying the neglect of inertia. Departures from the inertialess Langevin equation, with uncorrelated white noise, are not measurable in analogous systems at the time scales of interest (see, e.g., [19, 20] ).
